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The Tura´n problem for a family of tight linear forests
Jian Wang1, Weihua Yang
Department of Mathematics,
Taiyuan University of Technology, Taiyuan 030024, P.R. China.
Abstract. Let F be a family of r-graphs. The Tura´n number exr(n;F) is defined to be
the maximum number of edges in an r-graph of order n that is F-free. The famous Erdo˝s
Matching Conjecture shows that
exr(n,M
(r)
k+1) = max
{(
rk + r − 1
r
)
,
(
n
r
)
−
(
n− k
r
)}
,
where M
(r)
k+1 represents the r-graph consisting of k + 1 disjoint edges. Motivated by this
conjecture, we consider the Tura´n problem for tight linear forests. A tight linear forest is an
r-graph whose connected components are all tight paths or isolated vertices. Let L(r)n,k be the
family of all tight linear forests of order n with k edges in r-graphs. In this paper, we prove
that for sufficiently large n,
exr(n;L(r)n,k) = max
{(
k
r
)
,
(
n
r
)
−
(
n− ⌊(k − 1)/r⌋
r
)}
+ d,
where d = o(nr) and if r = 3 and k = cn with 0 < c < 1; if r ≥ 4 and k = cn with 0 < c < 1/2.
The proof is based on the weak regularity lemma for hypergraphs. We also conjecture that
for arbitrary k satisfying k ≡ 1 (mod r), the error term d in the above result equals 0. We
prove that the proposed conjecture implies the Erdo˝s Matching Conjecture directly.
Keywords: tight linear forests; matching; dense hypergraphs; weak regularity lemma for
hypergraphs.
1 Introduction
Given r ≥ 2, an r-graph (or r-uniform hypergraph) H is a pair H = (V,E), where V is a
finite vertex set and E is a family of r-element subsets of V . Let F be a family of r-graphs.
A hypergraph H is called F-free if for any F ∈ F , there is no subgraph of H isomorphic
to F . The Tura´n number exr(n;F) is defined to be the maximum number of edges in an
r-graph on n vertices that is F-free. For a single r-graph F , we write exr(n;F ) instead of
exr(n; {F}). Tura´n introduced this problem in [17], and we recommend [12, 16] for surveys
on Tura´n problems for graphs and hypergraphs.
1 Corresponding author: wangjian01@tyut.edu.cn
1
Let H be an r-graph on n vertices. A matching M in H is a collection of disjoint edges
of H. We denote by ν(H) the number of edges in a maximum matching of H. The following
classical conjecture is due to Erdo˝s [6] proposed in 1965.
Conjecture 1.1. [Erdo˝s Matching Conjecture, [6]] Let H be an r-graph on n vertices with
ν(H) = k. Then
e(H) ≤ max
{(
rk + r − 1
r
)
,
(
n
r
)
−
(
n− k
r
)}
.
Let H1 and H2 be two disjoint r-graphs. The join of two r-graphs, denoted by H1 ∨H2,
is defined as V (H1 ∨ H2) = V (H1) ∪ V (H2) and E(H1 ∨ H2) = E(H1) ∪ E(H2) ∪ {S ∈(V (H1)∪V (H2)
r
)
: S∩V (H1) 6= ∅ and S∩V (H2) 6= ∅}. We denote by K(r)n and E(r)n the complete
r-graph of order n and the empty r-graph of order n, respectively. The constructions K
(r)
rk+r−1
and K
(r)
k ∨E(r)n−k implies that the bounds given in the Conjecture 1.1, if true, is tight.
LetM
(r)
k be an r-graph with exact k disjoint edges. The conclusion of the Erdo˝s Matching
Conjecture can also be expressed as a Tura´n function as follows:
exr(n,M
(r)
k+1) = max
{(
rk + r − 1
r
)
,
(
n
r
)
−
(
n− k
r
)}
.
The case k = 1 for Erdo˝s Matching Conjecture is the classical Erdo˝s-Ko-Rado Theorem [5].
For r = 1 the conjecture is trivial and for r = 2 it was proved by Erdo˝s and Gallai [4]. When
r = 3, Frankl, Ro¨dl and Rucin´ski [7] proved the conjecture for k ≤ n/4. Recently, Frankl [9]
proved the conjecture for r = 3. For arbitrary r, Bolloba´s, Daykin and Erdo˝s [2] proved
the conjecture for n > 2r3(k − 1). Huang, Loh and Sudakov [11] improved it to n ≥ 3r2k.
Recently, Frankl [8] proved the conjecture for n ≥ (2r − 1)k + r.
A matching can also be viewed as a forest of paths with length one. In general, we can
consider forests of paths with given length. For graphs, let Pt denote a path on t vertices,
and k · Pt denote k vertex-disjoint copies of Pt. Bushaw and Kettle [1] determined the
exact values of ex(n, k · Pt) for n appropriately large relative to k and t. Later, Yuan and
Zhang [19] determined the value ex(n, k ·P3) and characterize all extremal graphs for all k and
n. Denote by L(s1, . . . , sk) a linear forest consisting of k vertex-disjoint paths with s1, . . . , sk
edges. Suppose every si ≥ 1 and at least one si 6= 2, then Lidicky, Liu, and Palmer [13]
proved that for sufficiently large n,
ex(n;L(s1, . . . , sk)) =
(
n
2
)
−
(
n− t
2
)
+ c′,
where t =
∑k
i=1
⌊
si+1
2
⌋− 1, and c′ = 1 if all si are even and c′ = 0 otherwise.
Instead of one single linear forest, Wang and Yang [18] consider a family of linear forests
as forbidden subgraphs. For the purpose of simplification, they allow isolated vertices in a
2
linear forest in their paper, i.e. a linear forest is a graph consisting of vertex-disjoint paths
or isolated vertices. Let Ln,k be the set of all linear forests of order n with k edges. The
problem of determining the Tura´n number ex(n;Ln,k) was introduced in [18]. Recently, Ning
and Wang [14] prove that
ex(n;Ln,k) = max
{(
k
2
)
,
(
n
2
)
−
(
n− ⌊(k − 1)/2⌋
2
)
+ c
}
,
where c = 0 if k is odd and c = 1 otherwise.
In this paper, we generalize this problem into hypergraphs. Define a tight linear forest
to be an r-graph consisting of vertex-disjoint tight paths or isolated vertices. The maximum
tight linear forest in H is a subgraph of H with maximum number of edges that is a tight
linear forest. We denote by l(H) this maximum number. When r = 2, it reduced to the
linear forest in graphs. Let L(r)n,k be the family of all tight linear forests of order n with k
edges. In this paper, we consider the Tura´n number of L(r)n,k and prove the following theorem.
Theorem 1.2. Let L(r)n,k be the family of all tight linear forests of order n with k edges. For
r ≥ 3, n sufficiently large, 0 < c < 1 when r = 3, and 0 < c < 1/2 when r ≥ 4,
exr(n;L(r)n,cn) = max
{(
cn
r
)
,
(
n
r
)
−
(
n− cnr
r
)}
+ o(nr).
We also propose a conjecture as follows:
Conjecture 1.3. Let L(r)n,k be the family of all tight linear forests of order n with k edges.
For k > r and k ≡ 1(mod r),
exr(n;L(r)n,k) = max
{(
k + r − 2
r
)
,
(
n
r
)
−
(
n− (k − 1)/r
r
)}
.
For r = 2, the conjecture is true according to Ning and Wang’s result [14]. For r = 3, the
conjecture is asymptotically true for k = cn with 0 < c < 1 and n sufficiently large, according
to Theorem 1.2. For r ≥ 4, the conjecture is asymptotically true for k = cn with 0 < c < 12
and n sufficiently large, according to Theorem 1.2.
It should be noticed that the Conjecture 1.3 implies the Erdo˝s Matching Conjecture. Let
H be an r-graph on n vertices with ν(H) = k. Since each tight path contains a matching
with at least one r-th of its edges, each tight linear forest contains a matching with at least
one r-th of its edges. It follows that l(H) ≤ rk. Therefore, by Conjecture 1.3 we have
e(H) ≤ ex(n;L(r)n,rk+1)
= max
{(
rk + 1 + r − 2
r
)
,
(
n
r
)
−
(
n− (rk + 1− 1)/r
r
)}
3
= max
{(
rk + r − 1
r
)
,
(
n
r
)
−
(
n− k
r
)}
,
which is exactly the result given in the Erdo˝s Matching Conjecture.
The rest of the paper is organized as follows. In Section 2, we give two useful lemmas. In
Section 3, we introduce the weak regularity lemma for hypergraphs. In Section 4, we prove
the Theorem 1.2 for r ≥ 4. In Section 5, we prove the Theorem 1.2 for r = 3. In Section 6,
we give some concluding remarks.
2 The matching lemma
Recently, Frankl [8, 9] prove the follow two theorems, which confirms the Erdo˝s Matching
Conjecture for r ≥ 3 and r ≥ 4 with n ≥ (2r − 1)k + r.
Theorem 2.1. Let H be an 3-graph on n vertices with ν(H) = k and n ≥ 3k + 2. Then
e(H) ≤ max
{(
3k + 2
3
)
,
(
n
3
)
−
(
n− k
3
)}
.
Theorem 2.2. Let H be an r-graph on n vertices with ν(H) = k and n ≥ (2r − 1)k + r.
Then
e(H) ≤
(
n
r
)
−
(
n− k
r
)
.
According to Theorem 2.1 and 2.2, we can obtain lower bounds on the size of maximum
matchings in dense hypergraphs. We call them the Matching Lemma.
Lemma 2.3. Let H be an 3-graph on n vertices with αn3 edges where n is sufficiently
large and β0 =
√
321−3
52 ≈ 0.2869. For 0 < α <
9
2β
3
0 , ν(H) ≥ (1 − 3
√
1− 6α)n − 2 and for
9
2β
3
0 < α <
1
6 , ν(H) ≥
3
√
6α
3 n− 1.
Proof. Let ν(H) = k = βn. By Theorem 2.1, we have
e(H) ≤ max
{(
3k + 2
3
)
,
(
n
3
)
−
(
n− k
3
)}
.
Clearly,(
3k + 2
3
)
=
9
2
β3n3 + o(n3), and
(
n
3
)
−
(
n− k
3
)
=
1− (1− β)3
6
n3 + o(n3).
Let f(x) = 27x3 + (1− x)3 − 1. Calculation shows that β0 is a zero of f(x) and f(x) < 0 for
x ∈ (0, β0); f(x) > 0 for x ∈ (β0, 13). It follows that for β ∈ (0, β0) and n sufficiently large,(
3k + 2
3
)
<
(
n
3
)
−
(
n− k
3
)
.
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And for β > β0 and n sufficiently large,(
3k + 2
3
)
>
(
n
3
)
−
(
n− k
3
)
.
For 0 < α < 92β
3
0 , suppose to the contrary that k < (1 − 3
√
1− 6α)n − 2. Since α <
9
2β
3
0 =
1−(1−β0)3
6 , we have k = βn < (1 − 3
√
1− 6α)n − 2 < β0n − 2. It follows that β < β0.
Therefore, by Theorem 2.1, we have
e(H) ≤
(
n
3
)
−
(
n− k
3
)
<
(
n
3
)
−
(
3
√
1− 6αn+ 2
3
)
<
n3
6
− (1− 6α)n
3
6
= αn3,
a contradiction. Thus, we conclude that ν(H) ≥ (1− 3√1− 6α)n − 2 for 0 < α < 92β30 .
For 92β
3
0 < α <
1
6 , suppose to the contrary that k <
3
√
6α
3 n−1. If β > β0, then by Theorem
2.1 we have
e(H) ≤
(
3k + 2
3
)
<
(
3
√
6αn− 1
3
)
< αn3,
which leads to a contradiction. If β < β0, then by Theorem 2.1 we have
e(H) ≤
(
n
3
)
−
(
n− k
3
)
=
1− (1− β)3
6
n3 + o(n3)
<
1− (1− β0)3
6
n3 + o(n3)
=
9β30n
3
2
+ o(n3) < αn3,
a contradiction. Therefore, we conclude that ν(H) = k ≥ 3
√
6α
3 n− 1 for 92β30 < α < 16 .
Lemma 2.4. Let H be an r-graph on n vertices with αnr edges where n is sufficiently large.
If 0 < α <
1−(1− 1
2r
)
r
r! , then ν(H) ≥ (1− r
√
1− r!α)n− r + 1.
Proof. Let ν(H) = k = βn. Suppose to the contrary that k < (1− r√1− r!α)n− r+1. Since
α <
1−(1− 1
2r
)
r
r! , it follows that k < (1 − r
√
1− r!α)n− r + 1 < n2r . Thus, by Theorem 2.2, we
have
e(H) ≤
(
n
r
)
−
(
n− k
r
)
5
<(
n
r
)
−
(
r
√
1− r!αn+ r − 1
r
)
<
nr
r!
− (1− r!α)n
r
r!
= αnr,
a contradiction. Thus, we conclude that if 0 < α <
1−(1− 1
2r
)
r
r! , then ν(H) ≥ (1− r
√
1− r!α)n−
r + 1.
3 The weak regularity lemma for hypergraphs and path em-
beddings
Szemere´di’s Regularity Lemma [15] has been proved to be an incredibly powerful and useful
tool in graph theory as well as in Ramsey theory, combinatorial number theory and other
areas of mathematics and theoretical computer science. The weak regularity lemma for
hypergraphs [3] is a straightforward extension of Szemere´di’s Regularity Lemma.
Given an r-partite r-graph H(X1,X2, . . . ,Xr). Define
d(X1,X2, . . . ,Xr) =
e(X1,X2, . . . ,Xr)
|X1||X2| · · · |Xr|
to be the edge density amongX1,X2,. . . ,Xr. ThenH(X1,X2, . . . ,Xr) is called (ε, d(X1,X2, . . . ,Xr))-
regular (ε-regular, in short) if for all r-tuples of subsets Ai ⊂ Xi with |Ai| ≥ ε|Xi| for all
i ∈ [r], we have
|d(A1, A2, . . . , Ar)− d(X1,X2, . . . ,Xr)| ≤ ε.
Now we state the weak regularity lemma for hypergraphs as follows.
Theorem 3.1. Given ε, there exists T = T (ε) and n0 = n0(ε) so that for every r-graph H
on n vertices with n ≥ n0, there exists a partition V = V0 ∪ V1 ∪ . . . ∪ Vt such that
(i) 1ε ≤ t ≤ T ,
(ii) |V1| = |V2| = · · · = |Vt| and |V0| ≤ εn,
(iii) for all but at most εtr of r tuples (Vi1 , Vi2 , . . . , Vir), the induced r-partite r-graph
among Vi1 , Vi2 , . . ., Vir is ε-regular.
The following lemma was essentially proved in [10].
Lemma 3.2. Suppose H is an r-partite r-graph with partition classes V1, V2, . . . , Vr, |Vi| = m
for all i ∈ [r], and E(H) ≥ dmr. Then there exists a tight path in H with at least dm2 edges.
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Lemma 3.3. Let H be an r-partite r-graph with partition classes V1, V2, . . . , Vr, |Vi| = m for
all i ∈ [r]. Suppose H(V1, V2, . . . , Vr) is (ε, d)-regular. Then there are at most 3r(d−ε)ε vertex
disjoint tight paths that cover all but at most rεm vertices of H.
Proof. We greedily find disjoint tight paths of rt vertices by Lemma 3.2, for some integer t.
Since e(V1, V2, . . . , Vr) = dm
r, by Lemma 3.2 we can find a tight path P1 of rt vertices with
at least dm3 edges for some integer t, such that for each i, |V (P1) ∩ Vi| = t. Then let V
(1)
i =
Vi \ V (P1) for all i ∈ [r]. Let m1 = |V (1)i |. If m1 ≥ εm, then d(V (1)1 , V (1)2 , . . . , V (1)r ) ≥ d − ε.
It follows that e(V
(1)
1 , V
(1)
2 , . . . , V
(1)
r ) ≥ (d− ε)mr1. Then we can find a tight path P2 with at
least (d−ε)m13 edges. We can do it iteratively until |V
(n)
i | < εm for some n. Then we left at
most rεm vertices. Since each tight path has at least (d−ε)εm3 vertices. Thus, we obtain at
most 3r(d−ε)ε vertex-disjoint tight paths that cover all but at most rεm vertices of H.
4 The asymptotic Tura´n number of L(r)n,k for r ≥ 4
Lemma 4.1. Let H be an r-graph on n vertices with αnr edges. For sufficiently large n and
0 < α <
1−(1− 1
2r
)
r
r! , H contains a tight linear forest with at least (r − r r
√
1− r!α − o(1))n
edges.
Proof. Let ε be a positive real number such that
ε≪ min
{
α,
r − r r√1− r!α
r2 + 2r + r!(1− 12r )1−r
}
.
Apply the weak regularity lemma to H with the parameter ε in a routing way. Then we get
an ε-regular partition into t + 1 sets V0, V1, . . . , Vt where
1
ε ≤ t ≤ T (ε). Then remove the
following edges from H:
(1) edges with one endpoints in V0.
(2) edges intersecting Vi for more than two vertices for i = 1, 2, . . . , t.
(3) edges among Vi1 , Vi2 , . . ., Vir where (Vi1 , Vi2 , . . . , Vir ) is not ε-regular.
(4) edges among Vi1 , Vi2 , . . ., Vir where d(Vi1 , Vi2 , . . . , Vir) < 2ε.
The number of edges in (1) is at most εnr. The number of edges in (2) is at most t
(
n
t
)2
nr−2 =
nr
t ≤ εnr. The number of edges in (3) is at most εtr
(
n
t
)r
= εnr. The number of edges in (4)
is at most t
r
r!2ε
(
n
t
)r
< εnr. In total, we removed at most 4εnr edges. We call the remainder
graph H ′, and clearly e(H ′) ≥ (α− 4ε)nr.
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Now we define a reduced r-graph Γ on vertices set {1, 2, . . . , t}. If (Vi1 , Vi2 , . . . , Vir ) is
ε-regular with density d(Vi1 , Vi2 , . . . , Vir) ≥ 2ε, then (i1, i2, . . . , ir) is an edge in Γ. Since
eH′(Vi1 , Vi2 , . . . , Vir) > 0 if and only if (i1, i2, . . . , ir) is an edge in Γ and there are at most(
n
t
)r
edges among Vi1 , Vi2 , . . ., Vir . Therefore,
e(Γ) ≥ e(H
′)(
n
t
)r ≥ (α− 4ε)tr.
By Lemma 2.4, since 0 < α− 4ε < 1−(1−
1
2r
)
r
r! , then ν(Γ) ≥ (1 − r
√
1− r!(α− 4ε))t− r + 1.
Let M be a maximum matching in Γ. Then for each edge (i1, i2, . . . , ir) ∈ M , we can
find at most 3rε−2 vertex disjoint tight paths that cover all but at most rεnt vertices of
Vi1 ∪ Vi2 ∪ . . . ∪ Vir by Lemma 3.3. Since all these tight paths cover at least r (1−ε)nt − rεnt =
(1− 2ε) rnt vertices. Then there are at least (1− 2ε) rnt − 3r2ε−2 ≥ (1− 3ε) rnt edges in total.
Finally, by putting all the paths corresponding to each edge in M together, we obtain
that a tight linear forest F with lots of edges. Thus, the number of edges in F is at least((
1− r
√
1− r!(α− 4ε)
)
t− r + 1
)
· (1− 3ε)rn
t
=
(
1− r
√
1− r!(α− 4ε)
)
(1− 3ε)rn − (r − 1)(1 − 3ε)rn
t
≥ r
(
1− r
√
1− r!(α− 4ε)
)
n− 3εrn− (r − 1)(1 − 3ε)εrn
≥ r
(
1− r√1− r!α− (r − 1)!(1 − r!α)− r−1r 4ε
)
n− (r2 + 2r)εn
≥
(
r − r r√1− r!α−
(
r2 + 2r + r!
(
1− 1
2r
)1−r)
ε
)
n.
where the first inequality follows from t ≥ 1ε , the second inequality follows from Lagrange’s
Mean Value Theorem, and the last inequality follows from α ≤ 1−(1−
1
2r
)
r
r! .
Thus, the Lemma holds.
Theorem 4.2. Let L(r)n,k be the family of all tight linear forests of order n with k edges. For
r ≥ 3, 0 < c < 12 and n sufficiently large,
exr(n;L(r)n,cn) =
(
n
r
)
−
(
n− cnr
r
)
+ o(nr).
Proof. Let γ be a positive real number. By Lemma 4.1, any r-graph on n vertices with at least(
1−(1− c
r
)
r
r! + γ
)
nr edges contains a linear forest with at least
(
r − r√(r − c)r − rrr!γ − o(1)) n
≥ cn edges. Thus, ex(n;L(r)n,cn) ≤
(
1−(1− c
r
)
r
r!
)
nr+o(nr) =
(n
r
)−(n− cnrr )+o(nr). On the other
hand, the construction K
(r)
(cn−1)/r ∨ E
(r)
(1−c/r)n+1/r implies that ex(n;L
(r)
n,cn) =
(n
r
) − (n− cnrr ) +
o(nr) for c < 1/2. Thus, we complete the proof.
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5 The asymptotic Tura´n number of L(3)n,k
Lemma 5.1. Let H be an 3-graph on n vertices with αn3 edges and β0 =
√
321−3
52 ≈ 0.2869.
For sufficiently large n and 0 < α ≤ 92β30 , H contains a tight linear forest with at least
3(1− 3√1− 6α− o(1))n edges; for 92β30 < α < 16 , H contains a tight linear forest with at least
( 3
√
6α− o(1))n edges.
Proof. Let ε be a positive real number such that
ε≪ min
{
α,
1− 3√1− 6α
13
}
for 0 < α ≤ 92β30 and
ε≪ min
{
α− 9
2
β30 ,
3
√
6α
21
}
for 92β
3
0 < α <
1
6 . Apply the weak regularity lemma to H with parameter ε in a routing way,
we get an ε-regular partition into t+ 1 sets V0, V1, . . . , Vt where
1
ε ≤ t ≤ T (ε). As the same
as in the proof of Theorem 4.1, we get a reduced 3-graph Γ on vertices set {1, 2, . . . , t} with
at least (α− 4ε)t3 edges. By Lemma 2.3, if 92β30 < α− 4ε < 16 , then ν(Γ) ≥
4
√
6(α−4ε)
3 t− 1; if
0 < α− 4ε < 92β30 , then ν(Γ) ≥ (1− 3
√
1− 6(α − 4ε))t− 2. Let M be a maximum matching
in Γ. Then for each edge (i1, i2, i3) ∈ M , we can find at most 9ε−2 vertex disjoint tight
paths that cover all but at most 3εnt vertices of Vi1 ∪ Vi2 ∪ Vi3 by Lemma 3.3. Since all
these tight paths cover at least 3 (1−ε)nt − 3εnt = (1− 2ε)3nt vertices. Then there are at least
(1− 2ε)3nt − 3 · 32ε−2 ≥ (1− 3ε)3nt edges in total.
Finally, by putting all the paths corresponding to each edge in M together, we obtain a
tight linear forest F with lots of edges. If 92β
3
0 < α− 4ε < 16 , then the number of edges in F
is at least (
3
√
6(α− 4ε)
3
t− 1
)
· (1− 3ε)3n
t
= (1− 3ε) 3
√
6(α − 4ε)n− (1− 3ε)3n
t
≥ (1− 3ε) 3
√
6(α − 4ε)n− (1− 3ε)3εn
≥ (1− 3ε)
(
3
√
6α − 8ε (6(α− 4ε))− 23
)
n− 3εn
≥
(
3
√
6α−
(
3 + 3
3
√
6α + 8 (6(α − 4ε))− 23
)
ε
)
n
≥
(
3
√
6α−
(
8
9
β−20 + 6
)
ε
)
n
>
(
3
√
6α− 21ε
)
n,
9
where the first inequality follows from t ≥ 1ε , the second inequality follows from Lagrange’s
Mean Value Theorem, the third inequality follows from α − 4ε ≥ 92β30 and 6α < 1, and the
last third inequality follows from β0 >
1
4 .
If 0 < α− 4ε < 92β30 , then ν(Γ) ≥ (1− 3
√
1− 6(α− 4ε))t− 2, then the number of edges in
F is at least ((
1− 3
√
1− 6(α − 4ε)
)
t− 2
)
· (1− 3ε)3n
t
=
(
1− 3
√
1− 6(α− 4ε)
)
3(1− 3ε)n − 6(1 − 3ε)n
t
≥ 3
(
1− 3
√
1− 6(α − 4ε)
)
n− 9εn − 6(1− 3ε)εn
≥ 3
(
1− 3√1− 6α− 2(1 − 6α)− 234ε
)
n− 15εn
≥ (3− 3 3√1− 6α− (15 + 6(1 − β0)−2) ε)n
>
(
3− 3 3√1− 6α− 39ε) n.
where the first inequality follows from α− 4ε < 92β30 and t ≥ 1ε , the second inequality follows
from Lagrange’s Mean Value Theorem, the third inequality follows from α ≤ 92β30 , and the
last inequality follows from 1− β0 > 12 .
Thus, the theorem holds.
Theorem 5.2. Let L(3)n,k be the family of all tight linear forests of order n with k edges in
3-graphs. For 0 < c < 1 and n sufficiently large,
ex3(n;L(3)n,cn) = max
{(
cn
3
)
,
(
n
3
)
−
(
n− cn3
3
)}
+ o(n3).
Proof. Let
m = max
{
c3n3
6
,
n3
6
−
(
1− c3
)3
n3
6
}
.
Firstly, we prove that ex3(n;L(3)n,cn) ≤ m+ γn3, where γ > 0 is a small constant. Let G be a
graph with m + γn3 edges. If c ≥ 3β0, then e(G) = c3n36 + γn3 > 92β30n3. By Theorem 5.1,
we have
l(H) ≥
(
3
√
6 · c
3
6
+ γ − o(1)
)
n ≥ cn.
If c < 3β0, then e(G) =
n3
6 −
(1− c
3
)
3
n3
6 + γn
3 < 92β
3
0n
3. By Theorem 5.1, we have
l(H) ≥ 3

1− 3
√√√√1− 6
(
1− (1− c3)3
6
+ γ
)
− o(1)

 n ≥ cn.
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Thus, we concluded that
ex3(n;L(3)n,cn) ≤ m+ o(n3) = max
{(
cn
3
)
,
(
n
3
)
−
(
n− cn3
3
)}
+ o(n3).
On the other hand, the constructions K
(3)
cn ∪ E(3)(1−c)n and K
(3)
(cn−1)/3 ∨ E
(3)
(1−c/3)n+1/3 show
that
ex3(n;L(3)n,cn) ≥ max
{(
cn
3
)
,
(
n
3
)
−
(
n− cn3
3
)}
+ o(n3).
Thus, we complete the proof.
Combining Theorem 4.2 and 5.2, we prove the Theorem 1.2.
6 Concluding Remarks
In this paper, we propose a conjecture for Tura´n number of a family of tight linear forests.
We verified it for parts of the dense hypergraph case. As we have proved, on one hand, the
proposed conjecture implies the Erdo˝s Matching Conjecture directly. On the other hand,
by weak regularity lemma for hypergraphs, the Erdo˝s Matching Conjecture implies that the
proposed conjecture is asymptotically true in the dense case.
Since a tight linear forest on n vertices with n − r + 1 edges is exactly a Hamilton tight
path. We can view the tight linear forest as an intermedia concept between matching and
Hamilton tight cycle. Thus, it seems that tight linear forests are natural generalizations of
matchings. It is an interesting problem to determine the exact Tura´n number of this family
of tight linear forests.
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